
As an example of incompleteness, let us consider the

following two A(z+.2J+z+z terms,

It can be shown that [M] = [IV], but neither M ~ N

nor N < M is provable. Since /3 n Uo?-reduction is in-

complete with respect to the semantics of the language

A, A is not considered to be an ideal representation for

the elements in domain (JO=r Do.

3 The Language AO and Its Prop-

erties

We define a restricted language AO of A, with the intention

to make @ n Ud–reduction complete with respect to the

semantic interpretation of language AO. Often a term Tin

A is written as AF. M (that is, Azl . . . .Jxn .M), where

M is not of the form A y. N. We call Z the vector of T

and M the matrix of T.

Definition 3.13 The sub–language AO of A is induc-

tively defined as follows.

● 0,1 CA$; and

. AZ. N ~ A~l.+,,,+0n+2 if

— I consists of variables of types al, . . . . an, and

N contains no free variable other than those

from i?,

– N G A2 and it is in minimal disjunctive normal

form, and

— each atomic term in N is either O, 1, or an appli-

cation of the form (zi el . . . em), where variable

xiisini ?andisoftype ui=ril *.. . +Ti+

2, and term e~ E A~,k for each 1< k < m.’”

❑

Suppose that we have commutativity and associativity

reduction rules for n (the conjunctive operator) and u

(the disjunctive operator). We say a term N is in mmtmal

dis~unctive normal form if N s Uiel nj~J, Ni,j for some

index sets 1 and J;c I, Ni,j is not a conjunction nor a

disjunction of other sub–terms, and N cannot be further

reduced by the flu rules. We call the term Ni,j an atomic

term. Note that, by the definition of AO, each term in AO

is closed and in @ n Ud normal form. Also, it can been

shown by induction that, for each given type IJ E I’, there

are only finite number of A: terms.

Example 3.14 Assume that variable f has type 2-2

and variable z has type 2. Then the following are the

only 10 terms in A/2+2)+(2+2) (ignoring the variations

introduced by commutativity and associativity):

But the following 5 terms are not in A~2+2)+(2+2):

Af. f, Af. Az. fz, Af. Ax. f(f o),

That is because the first term’s matrix is not of type 2,

the arguments in the second’s and the third’s function

applications are not in language A~, and the matrices of

last two are not in the minimal disjunctive normal forms.

c!

In addition to the soundness property inherited from

language A, we also have the following nice results for

language AO.

Proposition 3.15 Let M, N c AO. Then the normal

forms for (MN), (A z. M), (M n N), and (Mu N) are all

in AO. ❑

Proposition 3.16 (Definability) For every element

f E Do there is a term F E A: such that [F’] = ~.

❑

PROOF OUTLINE. We perform an induction based on

the structure of the type expression u. The proposition

is true for the base case a = 2. If c = r + y, then, by

the inductive hypotheses, all elements in domains D, and

D7 are definable in languages A: and A;, respectively.

It remains to be proved that all elements in DO can be

defined in language A;.

The step function stepa,b in domain D,+7, where a E

D, and b E D7, is defined by

Stepa b x = if a G7 a? then b eke &.

Furthermore, an element f E DO can be expressed as

the least upper bound of a set of step functions in Do.

That is, f = U,eI stepa,,b, for some index set 1. This

construction is standard and can be found, for example,

in Plotkin [11]. Since D~ and D7 are finite, the index set

I is finite.

Lettyper=rl -+... Tn+2andtype-y=yl -

. . . ym -+ 2. Then the step function can be defined equiv-

alently as

Stepa,bx ~1 . . . .% =

if ((ay~ ...yn)~z(xy~ . ..yn)

forally16D7,,..., ynEDTn)

then (b Z1 . . . zm) else O,

113



where Z1 c D71, . . . . z~ G DTm. This is the same as 1 illustrates the ordering of the 10 elements in domain

stepa, b X Z1 . . . Zm =

(fl{(~yl . ..yn)la yyn=l}) n(b)21b.21...2m).

By inductive hypotheses, all elements in domains

D ,1,..., D.n, D,, and D?, are definable. Hence, the

above step function can be defined in language A; as a

normal form of the following term

Aa. A’zl . . ..)izm.

(n(a~, ~n)=, (X Y1 . . . Yn)) n (B Z1 . . . Zm))

where Yi E A!, with [Yi] = yi, and B G A; with [B] = b.

Since ~ can be expressed as UjGI $’tepa,,b,, and each

of the function steps, ,b, can be defined by a A; term

AX. AZI . . . . A Zm . Mi, f can be defined by the following

term F,

FRLC. AZl . . .. AU MLUML

iEI

Normal forms of F are in language A: ~ v

Example 3.17 There is a function y in domain

q(2+2)+(242))+( 2+2) such that for all elements z in

domain D(2+2)+(2+2), (y z) is the least fixed point of ~.

Can we find a term Y in language A~(2+2)+(2+2))+ (2+2)

such that [Y] = y?

Before start calculating Y, let us first draw a dia-

gram of domain D(q+z)+(q+q). The diagram in Figure

q2+2)+(2+9. The functionalities of the 10 elements

are also described as maps from domain D2+ q to D2 + q.

Note that in describing the maps, we confuse the syn-

tactical lambda notations to the semantic elements they

denote. For example, A z .0 is meant to be the element

in domain D2+2 which always return O when applied, it

is not meant to be a term in the language A}+ z.
It is not difficult to see that the least fixed point func-

tion y can be expressed as

By a little calculation and simplification, we can obtain

the following fixed point term Y,

where variable g is of type (2 --T 2) + (.2 -+ 2) and z is

of type 2.

(AQ a side note, the 10 elements in domain

q2+2)+(2+2) happen to be defined in Example 3.14 by

the 10 A~2+2)+(2+2) terms.) n

Proposition 3.18 (Completeness) Let M, N c AO.

Then, [M] ~ [N] implies M ~ N. ❑

PROOF OUTLINE. The idea is to show that if M < N is

not provable, then [itf] ~ [N], which is a contradiction.
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Suppose that terms M and N are of type u = UI -+

. . . - on * ,!?. Write M as A~.(Uicl flj~J, Mi,j) and N

as ~ E, (Uk~K fl/eLk Nk,l), where F is a vector of variables

whose types are al, . . . . Un.

We prove the proposition by a structural induction on

type u. The base case is u = 2, in which the proposition

is true. We want to show that the proposition is true for

type u=ul -.. . + an -+ 2, given it is true for types

Ul, . . ..un.

Since M ~ N is not provable, there exists an index

i E 1 such that for all indexes k G K, (l’lj~~,Mj) S

(fl~e~, N~,/) is not provable. Based on the conjunctive

term flj ~J, Mi,j, we will construct an environment p such

that [Ui~I flj~~,Mi,j]~ = 1 but [U~~K fl?a+Nk,& = O.
That is, [M] ~ [N]. This will complete the proof.

Given i, we now describe how to construct such an

environment p. Let Xh be a bound variable in i?. Suppose

xh is of type 2 and Mi,j Z xh for some j ~ Ji, then ~h

is mapped to 1 in environment p. If xh never occurs in

the conjunctive term flj ~J, M~,j, then xh is mapped to O.

If variable $h is of type ah = rh, _ . . . rh~ + ,2, then

define a set P by

and map xh to the following function in p,

Ayl . . .. Ayhm.

2f(p~(?Jl, . . . , Yhm) for some p E P) then 1 else O

If xh never occurs in the conjunctive term flj EJ, Mi,j,

then Xh is mapped to function ~ yl . . . . ~ yhn .0.

It is easy to see that [nj gJ, Mi,jJJp = 1. This also

gives us [UieI flj CJ, Mi,j]p = 1. It remains to show that

[UkcK fll~L,Nk,l]P = 0. Since for all indexes k c K,

(njcJ,Mi,j) 5 (fl?eLk N~,/) is not provable, then, for
each fixed k c K, there exists an index 1 E Lk such

that for all indexes j E Ji, Mi,j ~ Nk,1 is not prov-

able. If Nk,l ~ xh, where xh in ~ and of type 2, then

xh must not occur in the conjunctive term flj ~J, Mi,j.

By the construction of the environment p, Xh is mapped

to O. Hence, [flleL, N~,~]p = O. The only other case

iS Nk, / K oh ehl . . . eh~, where ~h is of type uh =

~hl - . ..Thm + 2 and eh, E +?,, ,.. .,ehm E A~~m.

If Xh never occurs in flj ~J, Mi,j, then by the definition

of p, [Nk,~]p = O. Otherwise, we must have some Mi,j s

xhfh, . . . fh~, where fh, E A~b, ,..., fh~ ~ A~~~, but

nOt all Of fhl ~ ehl, . . . . fh~ < e~~ are provable. By

inductive hypothesis, we have [fh, ] ~ [ehl ], or . . . . or

[fhm] ~ [ehm]. Then, by the construction of environment

p, we also have [Nk,l]p = O. That is, [fl/cLk Nk,/]p = O

in case when Nk,l is a function application. Since, in all

cases, [flle~k Nk,l]p = O for any fixed k 6 ff, we have

[U~cK flle~, ‘k,lj~ = 0. This comPletes the Proof. O

Example 3.19 Suppose we have the following two

A/(2+2)+(2+2))+(2+2) terms, Y and Z, defined by

YE Ag. Az. ((g(Ax. o)l)nr)u
((g(~x. o)l)n(g(~z. r)o)),

z = Ag.Ax. ((g(Az. z)l)ni?) u(g(Az. o) o).

It can be checked that neither Y < Z nor Z < Y is

provable. Therefore, we should be able to find elements

g, g’ E D(z+zJ+[2+2) and X,X’ ● D2 such that

[YJJgz=l but [Z]gz=O) and

[Y] g’ z’= O but [2] g’ z’= 1.

This will show that [Y] ~ [2] nor [Z] ~ [Y].

The conjunctive term (g (A z . O) 1) n (g (Ax. x) O) in

Y’s matrix cannot be proved to be syntactically weaker

than either one of the two conjunctive terms in Z’s ma-

trix. It follows that we can choose

g= Af. Ax.

if(Ax. O,l)~(f, z)or(Ax. x,O)G (f, x)

then 1 else O,

x = o,

to make [Y] g x = 1 and [Z] g z = O. Likewise, the

witness of the unprovability of Z < Y is the conjunctive

term (g (J x . z) 1) n x in Z’s matrix. Hence we choose

to make [Y] g’ z’ = O and [Z] g’ z’ = 1. •1

Corollary 3.20 Let M, N E AO. Then, M E N implies

[M] = [N], and [M] = [N] implies M R N. ❑

Proposition 3.21 Let a E I’. Then there is a term Y E

A&+ol+g such that for all terms F E A~+O,

1. [YF] = fix [F], where fix is the least fixed point

function; and

2. if M is a normal form of (YF) and N is a normal

form of (F(YF)), then M R N.

❑

PROOF OUTLINE.

1. By Proposition 3,16.

2. By Proposition 2.11, Corollary 3.20, and the above.

o

The above properties of language AO enable us to syn-

tactically calculate the least fixed point of a term M c AO.

In fact, there are two ways to do this. That first method
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uses Propositions 3.16 and 3.21 to find the fixed point

term Y c A~O+O)+a for the given type u e 17, and then

calculate a normal form for (Y M). The normal forms for

(YM) are the least fixed point of M. These terms are

equivalent under the relation R.

The second method uses an approximation sequence

starting with BO E A$, where ~Bc] = _LO. The iteration

successively calculates a term Nt~J 6 A}, where N(o) =

B. and N(k+lj is a normal form of (MN(kl), until it finds

N(~+l) < N(i). Term N(i) is then the least fixed point of

M. Th~ iteration is ensured to be terminated because,

for a given type a c 17, there are only finite number of A:

terms.

Example 3.22 Suppose we want to calculate the least

fixed point of the following A~2+ ~)+(z+ ~, term M, de-

fined as
.

MR~~.~Z.(~O)U((~l)rIZ).

By using Proposition 3.16, we can find a least fixed

term Y c A~(z+21+(2+2))+(9+2). For example,

Y= Ag. Ax.

point

((9( Ax. o)l)n2) u((9(A2. o)l)n(9(A2.2) o)),

as defined in Example 3.17 is such a fixed point term.

Furthermore, (YM) has ~ z .0 as a normal form. There-

fore, ~ x .0 is the least fixed point of M.

Or we can use a fixed point approximation sequence

starting with A z .0. Since (M (A z . O)) +’ A z .0, we

have A ~ .0 as the least fixed point of M. ❑

Note that the above results only apply to language AO.

For a closed term M in language A but not in language

AO, we must first translate M into a semantically equiv-

alent term M’ G AO. There is a systematic way to do

the translation. The translation is based on the idea that

a term (MN) E A can be rewritten into a semantically

equivalent term which includes M and N, but does not

have M applied to N. The translation proceeds until all

the functional applications in a term satisfy the require-

ments of AO (i. e., application (MN) must have M as a

bound variable and N as a AO term). /3 n Ud–reduction

is also performed during the translation process to make

sure that the final result is a AO term.

Example 3.23 Suppose we have a A(2+2+Z)+(Z...+2+2)

term M, defined as

MsAf. Az. Ay. (fx)y.

We want to translate M into a A~2+2+2)+[2+2+2j term.

First, we observe that the infix operator for function ap-

plication, ., of type (2 -+ 2) _ (2 a 2), can be defined

‘n A&+2)+(2+2) as

●~Ah. A~. (ho) u((hl)n 2).

We then translate M as the following,

The last term is in language AO.

4 Remarks

❑

We would like to make several remarks regarding the fea-

sibility of using the outlined syntactic approach to com-

pute least fixed points. One of the questions comes from

the observation that, for a closed term M c A, a seman-

tically equivalent term M’ c AO seems to be much longer

than M, which makes the syntactic method unattractive.

Furthermore, in general, how do we translate an abstract

semantics of a functional program into language A, espe-

cially when the ground type is not 2.

To answer the first question, we now define a language

Al. Language Al is a superset of AO, looks more like usual

functional languages, and often provides shorter terms

than those in AO.

Definition 4.24 The sub–language Al of A is induc-

tively defined as follows.

. O,l~A~; and

● A?. N ~ A~l+ .+o~+z if

— i consists of variables of types al, . . . . an, and

N contains no free variable other than those

from i,

– N 6 AZ and it is in minimal disjunctive normal

form, and

— each atomic term in N is either O, 1, or an appli-

cation of the form (zi el . . . em), where variable

xiisin Zandis of type ui=r~l+...-+ri~+

2, and term ek is either a variable from ~ or is

,,, for each 1< k < m.in Al

❑

The only difference between Al and AO is that the

atomic terms in Al are allowed to have function applica-

tions whose arguments are bound variables. In doing so,

we lose the completeness property. For example, the two

terms~~.~z.jzand~$.~z. (~O)l..l ((jl)nz) arein

Al and are semantically equivalent, but cannot be shown
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to be syntactically equivalent under the ~ relation. How-

ever, the two methods described in Section 3 for comput-

ing fixed points still work. That is, the fixed point term

Y E A:g+o)+o works both for terms in language A~+m

and A~+o. And the approximation-sequence method is

guaranteed to be converging because, for a given type

u E I’, there are only a finite number of terms in A;.

Example 4.25 The term F E A f . A z . f z is in

A:z+z)+(z+z). By using the fixed point term Y defined

in Example 3.22, we have A x .0 as a normal form of (YF),

and thus as a least fixed point of F. The approximation

method also finds A z .0 as the least fixed point.

Another interesting example can be found in [3]. It is

a A((2+2J+2J+((2+2)+2) term Ii, defined as

where variable ~ is of type (2 + 2) + 2 and g of type

2 + .2. If we naively perform an approximation sequence

starting with B G A g .0, we will have

(HB) +“ Ag. g(l,

(H(HB)) +“ Ag . g (g 0),

(H(H(HB))) -+* AIJ .IJ (g (g o)),
. . .

which does not reach a limit under relation <. However,

if I-1 is translated (as described in Example 3.23) into a

semantically equivalent A/(2+2 ~+21+[(2+2)+21 term

~l=~f.~g.(go)u((91)n(f9))

The approximation sequence will reach A g . g O as the

least fixed point of HI. ❑

Is it difficult to translate from a typed functional pro-

gram (or the abstract semantics of the program) to a

semantic equivalent Al term? The translation will be

straightforward if we can encode the basic semantic do-

mains used in the functional programming language into

domains Da, a E I’. Usually, this is rather easy for an

abstract semantics because their basic domains are finite.

For example, a three element domain 3 = {a, b, c}, with

ordering a E b ~ c can be embedded in domain D2+ z

with a,b, andc defined asa = Ax .0, b = Ax .x, and

c = ~ ~ .1. The boolean domain Bool = {O, t, f}, with or-

dering O C tand O ~ ~ but neither ~ ~ t nor t~ f,can be

encoded & language A~+2d2 by O ~ ~x .A y.x n y, t s

Ax. Ay. x, and t ~ Ax. Ay. y. Also, by 7 equality

(i. e., M so A z . Mz), higher-order functions can be

easily encoded in Al. For example, the strictness prop-

erty for higher–order if functional, which is in domain

D2+0-+n_+0 with type u = rl -+ T2 + . . . ~ Tn + 2, can

be defined as

tf=Ap. Af. Ag. Axl. Ax2. . .. Axn.

(pn(fxl x2... Zn)) u (pn(9 X1 X2 . . . Xn)),

which is in language A~+O+O+O.

Regarding the complexity of the proposed syntac-

tic method, is it better than simply using the frontier

method? We believe it is better, especially if we use the

approximation method on language Al. We observe that

a functional program often has simple textual structure.

That is, function applications in typical functional pro-

grams usually have bound variables as arguments. This

makes the translation from a functional program into a

Al term easy, and the length of the resulted Al term com-

parable to the length of the original program. The time

spent in the ~ relationship testing between two successive

approximation is then comparable to the cases in the fron-

tier method. However, an approximation sequence in the

syntactic method usually leads to a limit more quickly

than an approximation in the frontier method, because

the former utilizes the textual information from the pro-

gram, while the latter blindly searches along the chains in

the semantic domains. Of course, in the worst cases, the

syntactic method will, just as the frontier method, require

exponential running time (with respect to the program

length).

On the other hand, there remains several engineering

issues to be explored to better utilize the outlined syn-

tactical approach. For example, we can define a repre-

sentation for terms in language AO (and Al) such that

the provability of < relationship between them can be

checked easier. A lexicographic encoding of AO terms ac-

cording to the sequence of their bound variables comes to

mind naturally. We can also develop safe approximation

schemes based on the proposed syntactical method. The

approximation scheme will calculate less accurate fixed

points, but do it faster. For example, a reduction rule

like

(M n N) -+naPProx M,

when N ~ M is not provable, can be used to speed up

the approximation sequence to get a less accurate fixed

point.

5 Conclusion and Comparison to

Other Works

We have shown how to develop a syntactic approach to

fixed point computation on finite domains. The syntac-

tic method is sound and complete with with respect to

the semantics of fixed point computation on finite do-

mains, and bears close relationship to the simply–typed

A–calculus.
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It is interesting to compare the development here with References
the the work of Abramsky [1] and Jensen [7,8]. Their work

also provides a junction between semantics and logics for
[1]

functional programming languages. Their work is mostly

concerned with the dual relationship between domain the-

ory and its axiomatic logics; ours is concerned with fixed [2]

points on finite domains and their corresponding calcu-

lus. While their work usually provides a decidable theory

without giving an explicit proof strategy, the augmented,

simply–typed A–calculus in our approach provides a sim- [3]

ple way to compute the desired results.

A Outline of Some Proofs

We need some technical definitions and lemmas in order [4]

to show that Proposition 2.9 is true. We define two new

reduction relations: c (for commutativity) and a (for as-

sociativity). [5]

Definition A.26 The reduction relations c and a on

language A are defined as follows.

● e = {( MnN, N’n M)l M, NE AA}u
{(Mu N, NUA4)]J4,NEA 2}, and

[6]

● a= {( Ln(Mn N), (Ln M)n N)l L, M, NgA2}

u {(( LnM)n N, Ln(Mn AJ))l-L, M,N EAZ}

U {( LU(MUN), (L UM)UN)IL, M,N GA2} [71

U {(( LUi14)U JV, LU(iWUJV))l~, JW, ~ eA2}
❑

It is clear that neither c nor a is strongly normalizing.

Lemma A.27
[8]

1. tl u dca is Church–Rosser; and

2. -+; and +~udca commute.

❑ [9]

By the above results, we know that ~ n Udca is

Church–Rosser. The following lemma is easy but very

useful for our goal.

Lemma A.28 Let M c A. If M k in @ n Ud–normal

form and M +=0 M’, then M’ is in ~ n Ud-normal form [IO]

and M E M’. ❑

Now we can show the following result.

Proposition A.29 Let M c A. If both M’ and M“ are

~ n Ud-normal forms of M, then M’ H M“.
❑ [11]

PROOF OUTLINE. Since P n Udca is Church-Rosser, [12]

there is a N E A such that M’ ~~nudca N and
&f!l ~:nudca N. In fact, by Lemma A.28, we have

M’ --+~a N and M“ +-* ~a N. Since relation ~ is reflexive

and symmetrical, it follows that Al’ E M“. o
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