


i=Dz.0—Xz.1, Az.z—Az.1, dz.l—Az.1]
i=[Az.0—Az.2, Az.z—Az.l, Az.1—Az.]]
g b h=Az.0—~Xz.0, Az.zrAz.1, Az.1—Az. 1]
g=Az. 0—Az.z, Az.z—Az.z, Az.1— Az ]]
. f=Az.0—~Xz.0, Az.z—Az.2z, Az.l—Az.1]
e=[Az.0—Az.z, Az.z—Az.2, Az.1— Az.2]
d=[Az.0—~Xz.0, Az.z—Az.0, Az.1—Az.]]
d ce=[Az.0—Xz.0, Az.z—Az.2, Az.1— Az.2]
b=[Xz.0—~Xz2.0, dz.z—Az.0, Az.1— dz.z]
a a=[Xz.0—~Xz.0, Az.z—Az.0, dAz.1—Az.0]
Figure 1: The 10 elements in domain D(s_. 2)_.(2-2).

where z1 € Dy,,...,2m € Dy, . This is the same as

stepay £ 21 ...
(M{(zyr oo yn) layy ..y =11HN(b21 ... 2m).

By inductive hypotheses, all elements in domains
D:,...,D;,,D;, and D,, are definable. Hence, the
above step function can be defined in language AJ as a
normal form of the following term

Zm =

Az Az . Az,
([—l(a Y1 ... Yn)=1 ((C Yl Yn))ﬂ(B 21 v

Zm),

where Y; € A2 with [Yi] = v, and B € A with [B] = b.
Since f can be expressed as | |;c; step,,s,, and each
of the function step, , can be defined by a A% term
Az . Az1.... zm . M;, f can be defined by the following
term F',
F=Xe Az dam | | M
i€l

Normal forms of F are in language AY. <o

Example 3.17 There is a function y in domain
D2 2)m(22))—(2=2) such that for all elements z in
domain D(s. 2)—(2—2), (y 2) is the least fixed point of z.
Can we find a term Y in language A?(g-»z)-(rz-»z))-.(g-.z)
such that [Y] = y7

Before start calculating Y, let us first draw a dia-
gram of domain D(2_.2)—(2—2). The diagram in Figure

1 illustrates the ordering of the 10 elements in domain
Dio—.2y—(2—2). The functionalities of the 10 elements
are also described as maps from domain Dy, to Da_.p.
Note that in describing the maps, we confuse the syn-
tactical lambda notations to the semantic elements they
denote. For example, Az .0 is meant to be the element
in domain Ds_, » which always return 0 when applied, 1t
is not meant to be a term in the language A} _ ,.

Tt is not difficult to see that the least fixed point func-
tion y can be expressed as

y= L_I{Stepe,()\:r z)) Stepi,(/\:v 1)}

By a little calculation and simplification, we can obtain
the following fixed point term Y,

Y=MAg.Azx.
(g (Az.0) HNz)u((g (Az.0) )N (g (Az.=2) 0)),

where variable ¢ is of type (2 — 2) — (2 — 2) and z is
of type 2.

(Ae a the 10 elemente in domain
D(s_.2)~(2—2) happen to be defined in Example 3.14 by
the 10 A?z—»e)—'(z—»z) terms.) O

cide note,

Proposition 3.18 (Completeness) Let M,N € A°.
Then, [M] E [N] implies M < N. o

Proor OuTLINE. The idea is to show that if M < N is
not provable, then [M] Z [N], which is a contradiction.
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Suppose that terms M and N are of type ¢ = o7 —
s> 0n — 2. Write M as AZ. (| |;¢; ﬂjEJ,M,:,j) and N
as A% . (Ugek [NieL, Ni,1), where & is a vector of variables
whose types are o4,...,05.

We prove the proposition by a structural induction on
type o. The base case is ¢ = 2, in which the proposition
is true. We want to show that the proposition is true for
type 0 = 097 — ... — 0 — 2, given it is true for types
O1y...,0n.

Since M < N is not provable, there exists an index
i € I such that for all indexes k € K, ([jes,M;;) <
(I—]IEL,‘N“) is not provable. Based on the conjunctive
term [ 1;¢7, M; ;, we will construct an environment p such
that [| |;c; [jes, M; j]p = 1 but [Ukex Mier, Niglp = 0.
That is, [M] Z [N]. This will complete the proof.

Given 2z, we now describe how to construct such an
environment p. Let zj; be a bound variable in . Suppose
zp is of type 2 and M;; = zp for some j € J;, then z;
is mapped to 1 in environment p. If z, never occurs in
the conjunctive term I—lje_I'Mi‘j, then zj 1s mapped to 0.
If variable 5 is of type 6 = 7, — ...Th,, — 2, then
define a set P by

P = {(len,], ..., [en.]) |

M;; =xzhen, ... €n,,, for some j € J,'},
and map z; to the following function in p,

Ayl....)\yhm.
if (PE (w1,

If ) never occurs in the conjunctive term ﬂjeJ'Miyj,
then ) is mapped to function Ay; .... Ay, .0.

It is easy to see that [[l;cs,M;;]p = 1. This also
gives us [| l;cy M;es, M; j]p = 1. It remains to show that
MLlex [‘I,ELka,,]]p = 0. Since for all indexes k € K,
(MjerMi;) < (ML, Niy) is not provable, then, for
each fixed ¥ € K, there exists an index | € L such
that for all indexes j € J;, M;; <X Ni,; is not prov-
able. f Npi = zn, where 2 in & and of type 2, then
zp, must not occur in the conjunctive term ﬂje]'Mi,j.
By the construction of the environment p, x5 is mapped
to 0. Hence, [[ﬂ;eLkayz]]p = 0. The only other case
is Npi = zp ep, . e, , where z; is of type o5 =
Thy = «..Th,, — 2 and en, € A?-hl""’ehm € A?.hm
If x5 never occurs in ﬂje].Mi’j, then by the definition
of p, [Ni,i]]p = 0. Otherwise, we must have some M; ; =
2y fr, .. fn,, where fp, € Aghl yeresSh, € A(T)hm’ but
not all of fo, < ep,,..., fr,, =X en, are provable. By
inductive hypothesis, we have [fs,] Z [es,], or ..., or
[/r,.] Z [en,.]- Then, by the construction of environment
p, we also have [Ng]p = 0. That is, [Mer, Neilp =0
in case when Ng; is a function application. Since, in all
cases, [, Ni,ilp = 0 for any fixed £ € K, we have
Wex ez, NiiJp = 0. This completes the proof. <

.y Yn,.} for some p € P) then 1 else 0.

Example 3.19 Suppose we have the following two
A?(Q_,Q)__(2_,2))__(2_,2) terms, Y and Z, defined by

Y=Ag.dz.((9g (Az.0) 1)Nz)u
(g (Az.0) )N (g (Az.2) 0)),

A Ag.dz. ((g(Az.2) HNaz)U(g (Az.0) 0).

I

It can be checked that neither Y < Z nor Z X Y is
provable. Therefore, we should be able to find elements
9,9 € D(a_.9)—.(2—2) and z,&’ € Dy such that

[¥Y]gz=1 but
[¥1¢' 2’ =0 but

[Z] ¢ £ =0, and
[Z2] ¢ =' = 1.
This will show that [Y] Z [Z] nor [Z] Z [Y]
The conjunctive term (g (Az.0) 1) N (g (Az.z) 0) in
Y’s matrix cannot be proved to be syntactically weaker

than either one of the two conjunctive terms in Z’s ma-
trix. It follows that we can choose

g=Af.Az.
if (Az.0,1)C(f,z) or (Az.2,0)C (f,z)
then 1 else 0,
z = 0,
to make [Y] g £ = 1 and [Z] g z = 0. Likewise, the

witness of the unprovability of Z < Y is the conjunctive
term (¢ (Az.z) 1) Nz in Z’s matrix. Hence we choose

g = AfAz.if Pz .z, 1)C{f,z) then 1 else 0,

¥ = 1,

tomake [Y] ¢’ ' =0and [Z] ¢’ ' = 1. O
Corollary 3.20 Let M, N € A°. Then, M ~ N implies
[M] = [N], and [M] = [N] implies M ~ N. O
Proposition 3.21 Let ¢ € T'. Then thereis aterm Y €
A, .5y, such that for all terms F € AJ_,,

1. [YF] = fiz [F], where fiz is the least fixed point
function; and

2. if M is a normal form of (Y F) and N is a normal

form of (F(Y F)), then M ~ N.
O

Proor OUTLINE.
1. By Proposition 3.16.

2. By Proposition 2.11, Corollary 3.20, and the above.
¢

The above properties of language A° enable us to syn-
tactically calculate the least fixed point of a term M € A°.
In fact, there are two ways to do this. That first method
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uses Propositions 3.16 and 3.21 to find the fixed point
term Y € A?a_w)_m for the given type ¢ € I', and then
calculate a normal form for (Y M). The normal forms for
(Y M) are the least fixed point of M. These terms are
equivalent under the relation =~

The second method uses an approximation sequence
starting with B, € A%, where [B,] = 1,. The iteration
successively calculates a term N(*) € A%, where N(®©) =
B, and N(**1) jg a normal form of (M N*)) until it finds
NGHD < NG Term N©) is then the least fixed point of
M. The iteration is ensured to be terminated because,
for a given type o € T', there are only finite number of A9
terms.

Example 3.22 Suppose we want to calculate the least
fixed point of the following A?2—.2)—'(2—+2) term M, de-
fined as

M=Af Az . (FOU{(f )Ne).

By using Proposition 3.16, we can find a least fixed point
term Y € A?(zqg)q(ng))q(242)~ For example,

Y=Ag. Az,
(g Az.0) HNz)u((g (Az.0) )N (g (Az.z) 0)),

as defined in Example 3.17 is such a fixed point term.
Furthermore, (Y M) has Az .0 as a normal form. There-
fore, Az .0 is the least fixed point of M.

Or we can use a fixed point approximation sequence
starting with Az .0. Since (M (Az.0)) —* Az.0, we
have Az .0 as the least fixed point of M. o

Note that the above results only apply to language A°.
For a closed term M in language A but not in language
A% we must first translate M into a semantically equiv-
alent term M’ € A°. There is a systematic way to do
the translation. The translation is based on the idea that
a term (M N) € A can be rewritten into a semantically
equivalent term which includes M and N, but does not
have M applied to N. The translation proceeds until all
the functional applications in a term satisfy the require-
ments of A° (i.e., application (M N) must have M as a
bound variable and N as a A® term). B M Lid-reduction
18 also performed during the translation process to make
sure that the final result is a A® term.

Example 3.23 Suppose we have a A(a_.2.9)(2—2_2)
term M, defined as

M=Xf Az Ay (fz)y.

We want to translate M into a Aog_bg_’g)_»(g_}g_’@ term.
First, we observe that the infix operator for function ap-
plication, e, of type (2 — 2) — (2 — 2), can be defined
0 AO

1 A(Q-—»Q)—-»(Q—»Q) as

e=Ah. Az . (hO)U((h1)N2z).

We then translate M as the following,

Af Az Ay . (fa)y
= Af Az dy. (fz)ey
Af Az Ay (fz0)u((fzl)Ny)
= Af Az Ay . (FOOU(W(F10)Nz)u
((FODL(( 1 D)R2)NY)
= Af Az Ay . (fOOU{(f1I0)Nz)U
(fonnmyu((f11)neny).

The last term is in language A°. O

U

4 Remarks

We would like to make several remarks regarding the fea-
sibility of using the outlined syntactic approach to com-
pute least fixed points. One of the questions comes from
the observation that, for a closed term M € A, a seman-
tically equivalent term M’ € A° seems to be much longer
than M, which makes the syntactic method unattractive.
Furthermore, in general, how do we translate an abstract
semantics of a functional program into language A, espe-
cially when the ground type is not 2.

To answer the first question, we now define a language
Al. Language Al is a superset of A%, looks more like usual
functional languages, and often provides shorter terms
than those in A°.

Definition 4.24 The sub-language A! of A is induc-
tively defined as follows.

e 0,1€ A}; and
e M. Ne A

g1— .= 0, — 2 if
— Z consists of variables of types o1,...,0,, and
N contains no free variable other than those

from Z,

— N € Az and it is in minimal disjunctive normal
form, and

— each atomic term in NV is either 0, 1, or an appli-
cation of the form (z; ey ... ey, ), where variable
z;isin ¥ and is of type oy = 73, — ...
2, and term e; is either a variable from Z or is
in Ailk for each 1 < k < m.

——)T’im—-)

]

The only difference between A' and A® is that the
atomic terms in Al are allowed to have function applica-
tions whose arguments are bound variables. In doing so,
we lose the completeness property. For example, the two
terms A f. Az, frandAf. Az (fO)U((f 1)Nx)arein
Al and are semantically equivalent, but cannot be shown
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to be syntactically equivalent under the =~ relation. How-
ever, the two methods described in Section 3 for comput-
ing fixed points still work. That is, the fixed point term

Y € A?a__w)_m works both for terms in language A2_
and Al_ ,. And the approximation-sequence method is

guaranteed to be converging because, for a given type
o €T, there are only a finite number of terms in AL.

Example 4.25 The term F = Af.Az.fz is in
A(lz.-»z)_»(z—»zy By using the fixed point term Y defined
in Example 3.22, we have A . 0 as a normal form of (Y F),
and thus as a least fixed point of #'. The approximation
method also finds Az .0 as the least fixed point.

Another interesting example can be found in [3]. It is
a A((g_.g)_,g)_,((g._,g)_,z) term H, defined as

H=Xf.Xg.9(f9g),

where variable f is of type (2 — 2) — 2 and g of type
2 — 2. If we naively perform an approximation sequence
starting with B = A g.0, we will have

(HB) —*

(H(HB)) —*
(H(H(HB)) —°

Ag.g0,
Ag.g(90),
Ag.g (9 (90)),

which does not reach a limit under relation <. However,
if H is translated (as described in Example 3.23) into a
semantically equivalent A%(2—>2)—72)—-v((2—>2)—->2) term

H'=Xf.Ag.(g 0)U((g DN (S g))-

The approximation sequence will reach Ag.g 0 as the
least fixed point of H!. m]

Is it difficult to translate from a typed functional pro-
gram (or the abstract semantics of the program) to a
semantic equivalent A! term? The translation will be
straightforward if we can encode the basic semantic do-
mains used in the functional programming language into
domains D,,o € T. Usually, this is rather easy for an
abstract semantics because their basic domains are finite.
For example, a three element domain § = {a,b,c}, with
ordering a T b C ¢ can be embedded in domain Ds_,
with a,b, and ¢ defined as a = Az.0, b = Az.z, and
¢ = Az.1. The boolean domain Bool = {0,1, f}, with or-
dering 0 C ¢ and 0 C f but neither f C ¢ nort C f, can be
encoded in language AS_, , by0=Az. dy.zMNy, t=
Az.Ady.z, and f = Az.Ady.y. Also, by 5 equality
(t.e., M —, Az .Mz), higher-order functions can be
easily encoded in Al. For example, the strictness prop-
erty for higher-order if functional, which is in domain

Do grgso Withtypeo =1 — 1 — ... — 1, — 2, can
be defined as

tf =Ap. Af. Ag. Az A2y, ... A2,

(eN(fzrze ... z,))U(pN(gzy 22 ...

which is in language AL _ ..

Regarding the complexity of the proposed syntac-
tic method, is it better than simply using the frontier
method? We believe it is better, especially if we use the
approximation method on language A'. We observe that
a functional program often has simple textual structure.
That is, function applications in typical functional pro-
grams usually have bound variables as arguments. This
makes the translation from a functional program into a
Al term easy, and the length of the resulted A' term com-
parable to the length of the original program. The time
spent in the < relationship testing between two successive
approximation is then comparable to the cases in the fron-
tier method. However, an approximation sequence in the
syntactic method usually leads to a limit more quickly
than an approximation in the frontier method, because
the former utilizes the textual information from the pro-
gram, while the latter blindly searches along the chains in
the semantic domains. Of course, in the worst cases, the
syntactic method will, just as the frontier method, require
exponential running time (with respect to the program
length).

On the other hand, there remains several engineering
issues to be explored to better utilize the outlined syn-
tactical approach. For example, we can define a repre-
sentation for terms in language A® (and A!) such that
the provability of < relationship between them can be
checked easier. A lexicographic encoding of A° terms ac-
cording to the sequence of their bound variables comes to
mind naturally. We can also develop safe approximation
schemes based on the proposed syntactical method. The
approximation scheme will calculate less accurate fixed
points, but do it faster. For example, a reduction rule
like

mn)))

(M r] N) _.)rlapprox M’

when N < M is not provable, can be used to speed up
the approximation sequence to get a less accurate fixed
point.

5 Conclusion and Comparison to
Other Works

We have shown how to develop a syntactic approach to
fixed point computation on finite domains. The syntac-
tic method is sound and complete with with respect to
the semantics of fixed point computation on finite do-
mains, and bears close relationship to the simply—typed
A—calculus.
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It is interesting to compare the development here with
the the work of Abramsky [1] and Jensen [7,8]. Their work
also provides a junction between semantics and logics for
functional programming languages. Their work is mostly
concerned with the dual relationship between domain the-
ory and its axiomatic logics; ours is concerned with fixed
points on finite domains and their corresponding calcu-
lus. While their work usually provides a decidable theory
without giving an explicit proof strategy, the augmented,
simply-typed A-calculus in our approach provides a sim-
ple way to compute the desired results.

A  Outline of Some Proofs

We need some technical definitions and lemmas in order
to show that Proposition 2.9 is true. We define two new
reduction relations: ¢ (for commutativity) and a (for as-
sociativity).

Definition A.26 The reduction relations ¢ and a on
language A are defined as follows.

e ¢ — {(MI—IN,NHM)IM,NEAQ}U
{(MUN, NUM)| M,N € Az}, and
e a {(LN(MAN),(LNM)NN)|L,M,N € As}

{(LAMYON,LO(MNN)) | L,M,N € As}

ccci

{(LUMYUN,LU(MUN)) | L,M,N € Az}
[m]

It is clear that neither ¢ nor a is strongly normalizing.

Lemma A.27

1. MU deca is Church—Rosser; and

2. —§ and —7,4., commute.
O

By the above results, we know that B M Udca is
Church-Rosser. The following lemma is easy but very
useful for our goal.

Lemma A.28 Let M € A. If M is in 8 M Ud-normal
form and M —,, M’, then M'isin 8 M Wd-normal form
and M ~ M. 0

Now we can show the following result.

Proposition A.29 Let M € A. If both M’ and M" are
B N Ud-normal forms of M, then M’ ~ M". O

Proor OUTLINE. Since B M Udca is Church—-Rosser,
there is a N € A such that M' —%,,,, N and
M" —%nugea N. In fact, by Lemma A.28, we have
M' —%, N and M" —}, N. Since relation ~ is reflexive

and symmetrical, it follows that M’ ~ M". <O

{(LUMUN),(LUMYUN) | L, M,N € Ay}

References

[1] Samson Abramsky. Domain theory in logical form. An-
nals of Pure and Applied Logic, 51(1-2):1-77, March
1991.

Hendrik Pieter Barendregt. The Lambda Calculus: Its
Syntaz and Semantics, volume 103 of Studies in Logic and

the Foundations of Mathematics. North-Holland, revised
edition, 1984.

(2]

Chris Clack and Simon L. Peyton Jones. Strictness anal-
ysis — a practical approach. In Jean-Pierre Jouannaud,
editor, Functional Programming Languages and Com-
puter Architecture, pages 35-49. Nancy, France, Septem-
ber 1985. Lecture Notes in Computer Science, Volume
201, Springer—Verlag.

Jean—Yves Girard, Paul Taylor, and Yves Lafont. Proofs
and Types, volume 7 of Cambridge Tracts in Theorectical
Computer Science. Cambridge University Press, 1989.

Sebastian Hunt.
interpretation.
and Computer Architecture, pages 1-11. Imperial Col-
lege, London, U.K., September 1989. A.C.M./Addison-
Wesley.

Frontiers and open sets in abstract
In Functional Programming Languages

Sebastian Hunt and Chris Hankin. Fixed points and fron-
tiers: a new perspective. Journal of Functional Program-
ming, 1{1):91-120, January 1991.

7] Thomas P. Jensen. Abstract interpretation wvs. type in-
ference: A topological perspective. In Simon L. Peyton
Jones, Graham Hutton, and Caresten Kehler Holst, ed-
itors, Functional Programming, Glasgow 1990: Proceed-
ings of the 1990 Glasgow Workshop, pages 141-145. Ul-
lapool, Scotland, U.K., August 1990. Springer—Verlag.

Thomas P. Jensen. Strictness analysis in logical form. In
John Hughes, editor, Functional Programming Languages
and Computer Architecture, pages 352-366. Cambridge,
Massachusetts, U.S.A., August 1991. Lecture Notes in
Computer Science, Volume 523, Springer—Verlag.

Chris Martin and Chris Hankin. Finding fixed points
in finite lattices. In Gilles Kahn, editor, Functional
Programming Languages and Computer Architecture,
pages 426-445. Portland, Oregon, U.S.A., September
1987. Lecture Notes in Computer Science, Volume 274,
Springer~Verlag.

[10] Simon L. Peyton Jones and Chris Clack. Finding fix-
points in abstract interpretation. In Samson Abram-
sky and Chris Hankin, editors, Abstract Interpretation of
Declarative Languages, chapter 11, pages 246-265. Ellis

Horwood, 1987.

G. D. Plotkin. LCF considered as a programming lan-
guage. Theoretical Computer Science, 5:223-255, 1977.

Jonathan Hood Young. The Theory and Practice of Se-
mantic Program Analysis for Higher-Order Functional
Programming Languages. PhD thesis, Department of
Computer Science, Yale University, May 1989,

118



